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We have calculated the one loop effective potential of the vector multiplets arising 
' from the compactification to five dimensions of heterotic M-theory on a Calabi-Yau 

' manifold with h^'^ > 1. We find that extensive cancellations between the fermionic 
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and bosonic sectors of the theory cause the effective potential to vanish, with the 
exception of a higher order curvature term of the type which might arise from string 
corrections. 



I. INTRODUCTION 

o 

O ■ The weakly coupled Eg x heterotic string is one of the most phenomenologically 



viable of the five consistent string theories. Unfortunately, the predicted value for Newton's 
constant in this theory is too large. Witten [Ij has shown that this situation can be resolved 
in the strong coupling limit, which is believed to be eleven-dimensional supergravity on 
the orbifold A4^^ x S^/Z2, with E^ Super Yang-Mills gauge theories on the orbifold fixed 
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' points j2| . This theory can be compactified on a Calabi-Yau three-fold to obtain six internal 
dimensions. It is known that in order for the theory to predict the correct known values of 
Newton's constant and grand unification gauge couplings, the orbifold radius must be an 
order of magnitude or so larger than the Calabi-Yau compactification scale. Hence, at some 
intermediate energy scale, the theory has a consistent five-dimensional description. 

Lukas et al. 013] have derived the five-dimensional effective action by reducing Horava- 
Witten theory on a Calabi-Yau space. They have shown that the resulting theory is a gauged 
version of = 1 supergravity in five dimensions, with a non-abelian set of E^ gauge fields 
on one orbifold plane, spontaneously broken to Eq, and an unbroken E^ gauge group on the 
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other. The vacuum solution for this theory has a domain wall structure with a curved bulk 
metric. This was the predecessor of the "brane- world" scenarios 0]. 

In addition to a gravitational and universal hypermultiplet present for every Calabi- 
Yau compactification, the five- dimensional theory contains a number of vector multiplets, 
depending on the topological properties of the Calabi-Yau. More precisely, there are ny = 
h^'^ — 1 of these vector multiplets. The background solution is a multi-charged BPS domain 
wall with h^'^ charges. Lukas et al. show that there always exists a background solution 
with h^'^ > 1 with two moduli parameters representing the separation of the domain walls 
and the dilaton field. 

In this paper, we will calculate the one loop effective potential of these vector multiplets 
about this simple background solution as a function of the moduli. 

The vector multiplets decouple from the gravitational and universal hypermultiplets mak- 
ing them the simplest multiplets for the one loop calculation. Furthermore, it is possible 
to change the number of vector hypermultiplets by changing h^'^ without altering the back- 
ground solution or any of the other multiplets at one loop order. Therefore, the vector 
multiplets tell us how the total vacuum energy depends on the topology of the Calabi-Yau 
manifold. 

The five dimensional domain wall solution gives rise to an effective four dimensional 
theory in which the separation of the domain walls becomes one of the moduli fields. It 
is important to identify effects which can provide a potential for the brane separation and 
fix this particular modulus. One possible mechanism is that quantum fluctuations of the 
bulk fields stabilise the branes at phenomenologically acceptable positions. This has been 
discussed extensively in the context of the Randall- Sundrum brane world scenario 0, Q, S 
y, Ql . Previous work of this kind in five-dimensional heterotic M-theory has been done for 
scalar fields by Garriga et al. 

The BPS solution described above preserves half of the supersymmetry, hence one would 
expect cancellation of the contributions to the effective action of the bosonic and fermionic 
sectors. In a related calculation in an eleven dimensional setting, this expectation was con- 
firmed when the vacuum energy was shown to be zero 2. However, the Hofava-Witten 
theory has only been constructed so far as an expansion in powers of the eleven dimen- 
sional gravitational coupling constant k, and it is not known whether there exists a fully 
supersymmetric formulation valid to all orders in k. 
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We evaluate the one-loop effective action of the various fields using ^-function regulari- 
sation. We have extended the conformal transformation technique used in to apply 
to spin 1/2 and spin 1 fields. 

In the following, rather than working in the "upstairs" picture of the orbifold S'^/Z2, we 
work in the equivalent "downstairs" description of an interval I. That is, we consider the 
space to be a manifold with a boundary, rather than a manifold with singular delta-function 
sources. In this way, the domain walls in the above are replaced by boundary "branes" . 

Our conventions are as follows: Tensor indices are a,/3,7, ... = 0, 1, 2, 3, 11 in the bulk, 
and . . . = 0, 1, 2, 3 on the boundary. The coordinate in the direction of the interval 

is x^^ . Capital letters A,B,C,. . . = 0, 1, 2, 3, 11 index a local orthonormal frame in the bulk, 
while I,J,K,. . . = 0, 1,2,3 label a local orthonormal frame on the boundary. Conventions 
for the Riemann and Ricci tensors are as in Misner, Thorne and Wheeler ||lj]. The extrinsic 
curvature is defined as Kf^,^ = V^N^, where is the unit outward pointing normal. Gamma 
matrices are defined by |r",r^} = 2(7"^. The index denotes contraction with Na- 



il. CLASSICAL BACKGROUND SOLUTION 



The five dimensional action of heterotic M-theory including the (1,1) moduli was derived 
in Here we will briefly review the field content and background solution. 

The background solution consists of setting as many of the fields as possible to zero. The 
minimum field content consistent for describing the vacuum solution is given by the action 
5"° = S'^i^Ai) + S^{dAi), where the bulk and boundary actions are 

S%M) = y dfi (^~R + Gijdab'd^'V + i9^<l>9"<l> + ^e-^'^G'^aia^^ . (1) 

S%dM) = \ I dfi\K + ^aib'e-A + \ f d^i\K- ] . (2) 

Let us first remind the reader of the origin of some of these fields. The scalar field $ is the 
moduli field describing the volume of Calabi-Yau and will be referred to as the dilaton. The 
fields 6* are the Calabi-Yau shape moduli. Indices . . run from 1, . . . , h^'^ and are raised 
and lowered by the Kahler metric Gij = — |(9j(9j In /C, where /C = dij^UWh^ is the Kahler 
potential. The constants dijk are the Calabi-Yau intersection numbers. The charges Ui are 
constants. The shape moduli are constrained by /C = 6 (after the differentiation) and hence 
only represent h^'^ — 1 degrees of freedom. 
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The existence of the bulk and boundary potentials leads to a curved bulk metric and to 
non-trivial profiles of $ and 6' across the orbifold. We denote y — x^^. The position of the 
visible brane is taken to be at y = and the hidden brane is at y = tt. Upon substitution 

of the ansatz 

ds'^ = a{yf7]f,^dx>'dx'' + b{yfdy^ (3) 
$ = $(y) (4) 
b' = b\y), (5) 

Lukas et al. have found an implicit solution to the equations of motion in terms of h^^'^^ 
functions P{y). However, they also show that by defining new constants a' and a by 

dijka'a^ = '^a\ a = 9 (^dijka'-a^a''^ , (6) 

and by using an appropriate choice of integration constants, one can find the explicit solution, 

a = aoH^''^ (7) 
h = boH^ (8) 
$ = In {boH^) (9) 

- 1^ (10) 

where 

H=—ay + co, (11) 

which is just the "universal" solution obtained when h^'^ = 1. In this classical solution, the 
fields 6* are constant across the orbifold. 



III. ONE-LOOP EFFECTIVE ACTION 



To evaluate the one-loop correction to the classical action for a field 0a, we perform a 
continuation of the Lorentzian metric to a positive definite Euclidean metric. We expand 
the Euchdean action I around the background fields 0q, i.e., / = I{(l>o) + -^'"(0o)(0 — 0o)a + 

6(0o)(0 — 4>o)a{4> ~ 4>oy + The one-loop correction to the classical action is 

W^i-iy^logdet{i,-^'A\) (12) 



5 



where we use comma (,) to denote functional differentiation with respect to the field 0^. 
/ = for bosons and / = 1 for fermions. A" ^ = J'"^ is an operator. We define the 
determinant of an operator using generalised C-functions. The (^-function is defined by a 
generalised trace, 

C(.) = tr . (13) 

for some range of s in the complex plane where the trace converges. We define the determi- 
nant of the operator by 

logdet {fi-^'A\) = -C'(0) - C(0) log/i^ (14) 

where we have used the analytic continuation of the (^-function at s = 0. 

In curved space, the trace of an operator is often difficult to evaluate. However, we can 
use the properties of the effective action under conformal transformations of the metric 

gfiu gfiu = ^'^gfiu, (15) 

to relate the effective actions of an operator in conformally related spacetimes. We use a 
tilde to denote quantities calculated in the metric g. We restrict attention here to second 
order operators of Laplace type - that is, operators which can be written in the form 

A = -D^ + X, (16) 

where Da = Vq, + iAa is a covariant gauge derivative. We use the ri-bein formalism to 
treat fields of general spin. The covariant derivative is Vq, = da + iuJ^^T^ab where T^ab is 
the generator of Lorentz transformations for the appropriate representation of the Lorentz 
group. Under a conformal rescaling (fT3j). the n-bein and its dual rescale as 

et = ^et ~el = ^-'e% (17) 

while the operator ()16|) rescales to A, where 

K = -{v + iA^^ + X. (18) 

If we define the conformal rescaling properties of X and A as 

X = Q~^X - ^ (q-^R -Rj , Aa = Aa- 29r^9.,pT.^, (19) 
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then the rescaled operator A is given by 

A = ^-^/2^^]3/2^ (20) 

Boundary conditions will also be affected by conformal transformations. If the field 
satisfies Robin boundary conditions 

{DN-S)(j) = on dM, (21) 

then under a conformal rescaling, this will become 

(^Dn-<S^^ = on dM. (22) 

since the field transforms as — > = The boundary conditions retain the same 

form if we define 

S = Q-^S + ^ (q-^K - . (23) 

Dirichlet boundary conditions = on dM are unchanged under conformal rescalings. 

Following Dowker we introduce a one parameter family of metrics which interpolate 
between two conformally related spacetimes. We take Q = Q{a). One can then show that, 
for operators which transform covariantly under conformal transformations, 

W[a = a2] = W[a = ai] + C [^]] , (24) 

where the cocycle function C [Q] is given (in five dimensions) in terms of the generalised 
heat kernel coefficient 05/2 (p. A) as 

C[n] = -i-iy [ 'da a5/2 (d^\nn{a),A\ . (25) 

The 05/2 (p, A) coefficient is known for general Laplace type operators with mixed boundary 
conditions . It is composed of geometric invariants in the metric evaluated only on the 
boundary of the spacetime. Hence, we can relate the effective actions of the conformally 
related operators in two conformally related spacetimes. 

The classical background in Section |n] is conformally fiat in the coordinate z defined by 
dz = a{y)/b{y)dy. In this new coordinate, the metric is 

2/5 



— j [rj^^dx^dx" + dz^) 



(26) 
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where 



The dilaton field, 



^ (27) 



6 , / -2 \ . . / 5azi\ 



*^-.og^-j+,og^^J. (28) 

The values of z on the two branes, zi and Z2 can be used as the moduli parameters of 
the background solution. We can use the technique described above to relate the one-loop 
effective action in the warped background spacetime to one in flat space. 
For definiteness, we take the function Q{a) to be 

n{a) = e(i-")"(") (29) 

so that fiat space is at a = and the physical metric is at a = 1. Then, the effective action 
is related to the flat space effective action Wq by 

W = Wo + C[Q], C[Q] = i-iy da a^,2 (cu, A) . (30) 

From now on we use the subscript "0" to indicate a quantity calculated in the conformally 
transformed flat space. 

IV. THE ONE LOOP EFFECTIVE ACTION OF THE VECTOR MULTIPLET 

A. The scalar field 

There are h^'^ scalar flelds 6* in the vector multiplet. However, these are constrained, 
and as such only represent ny = h^'^ — 1 degrees of freedom. We can, however, write 
the action in terms of ny unconstrained flelds ipx- The indices x, y, etc are raised and 
lowered using the metric g^y = bl b^jG a. The action contains both bulk and boundary terms 
S = S{M) + S{dM), which are ^ 

S{M) =- j^dfx {^g^yd^^^d^^y + V{^)^ (31) 

S{dM) = [ dfx U{ip) - [ dfx U{ip). (32) 

The bulk potential V{(f) and the boundary potential U{(f) are only expressible implicitly in 
terms of the constrained flelds 6* . They are 

V{^) = ^e-'^G'^a.a,, U{^) = ^e-^a^b'. (33) 
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The second variation of the classical action about the background solution gives the operator 

= -V'n + Vi^yi (34) 
together with the boundary conditions 

{VNS'^y-UiipyDipy = on dM^^\ {VNS\ + Uiip)%)ipy = on dM^^l (35) 

Although the bulk and boundary potentials are only known in terms of the constrained fields 
6*, the second derivatives of the bulk and boundary potentials with respect to the fields y?^ 
can be calculated in terms of the background scalar field $. 

y{^),xy = '^oi^e~'^'^gxy, U{ip),^y = ^ae~'^g^y (36) 

Since the operator has a trivial index structure in the indices x, from this point we 
drop this index to avoid clutter. The operator ()34j) is of Laplace type (fTT)|) . We now 
perform a conformal transformation (fTH|l with VL = e^^^\ The one- loop effective action in 
the conformally transformed space requires the eigenvalues of the conformally transformed 
operator Ao<^„ = A„(^„. The general solution can be found in terms of Bessel functions; 

(pn{z) = v^e^^-^" (AJ3/5(m„z) + BY^/^im^z)) , (37) 

where A„ = + fc^. We take the position of the visible brane to be at zi and the hidden 
brane to be at Z2 {z2 > Zi). We also introduce r = Zi/z2- Applying the conformally 
transformed boundary condition, we obtain an implicit equation for /i„ = Z2mn as the roots 
of 

F{mn) = J2/5(Atn^)^2/5(Atn) - -^2/5 (/"n) ^2/5 (/"n^) = 0. (38) 

The ^-function is 

cw^../<^*./|^jE(^)"'- (3!*) 

The factor of ny is included since we have ny scalar fields. Performing the k integrals first 
gives us 

C(.) = / "'-J^^^ E >'tr'-4-'- (40) 

The evaluation of the sum over //„ is complicated since we only know them through an 
implicit equation. We leave the details of the evaluation of the sum in (|40|l to Appendix El 
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Here, we simply quote the result for the effective action of the conformally transformed 
operator; 



scalar 




nv 



(47r)2 

The function Gu(t) is 



d X 



A2/5 B215 G2/5{r) 2781 f HfXRZi) \n{fiRZ2) \ 
4 ^ 80000 V zf ^ zl ' 



4 +^ + 

^1 ^2 



• (41) 



GJr) 



dxxHnil ^^(^)^'^(™) 



(42) 



,0 V I^{x)K^{tx) 

and the constants A,y and are defined in Appendix ^ To obtain the full expression for 
the effective action, we must add the cocycle function to this result. After a simple but 
lengthy calculation, the details of which can be found in Appendix ^ the cocycle function 
for this operator is found to be 



scalar 



nv 
(4^ 



d X 



2781 (\n{czi) \n{cz2)\ 4601 



400000 



1 1 



(43) 



.1 4 J 9600000 \zl 

The constant c = 66o/(5-\/2ttOo) can be absorbed into the renormalization scale hr. After 
this redefinition we find the total effective action for the scalar field 



W 



scalar 



nv 
(4^ 



d X 



^2/5 , -B2/5 , G'2/5(t) 



^2 



8343 ( HiiRZ^) HiiRZ2) \ 4601 



200000 V 



) 9600000 



.(44) 



B. The vector field 



The five dimensional M-theory action contains h^'^ U{1) gauge fields A^^. One of these 
gauge fields is the graviphoton Aa of the gravity multiplet. This leaves nv gauge fields 
for the nv vector multiplets. After decomposing the A^^ into the graviphoton and vector 
multiplet gauge field by A^ = b^A]^ and Aa = ^biA^, the action for the vector multiplet 



gauge field to quadratic order is 



gauge 



M 



AB 



(45) 



Integration by parts yields 



gauge 



/ \a^ (-V^^f + i?/ + V^V^) Al 
Jm ^ 



(46) 
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were we have neglected boundary terms. We work in a tetrad frame. The covariant derivative 
contains the connection = da + iuj^^T^cD where (Sj^)^ = — | {rjcAV^^ — ^c^a) the 
generator of Lorenz transformations appropriate for a vector representation of the Lorenz 
group. Again, since the index structure in the index x is trivial, we drop this index from 
now on. 

We can add to the action a gauge fixing term Sg{ and anticommuting ghost fields c, c so 
that S'totai = 'S'gauge + 'S'gf + iSghost where 

S,, = [ df, (47) 
f JF 

'S'ghost = dfi c—c. (48) 

A convenient choice of gauge fixing term will turn out to be 

F = V ■ ^ + 2tU;„^". (49) 

Since (j)-a = —G^^;a, this gauge fixing term can also be expressed in terms of the background 
dilaton field. The gauge fixed action for the gauge field Sg+gf = S'gauge + Sg{ can then be 
written, after an integration by parts, as 

Sg+gf = [ dfx Ia-^ (-V^5f + i?/ + 2cU;aV^ - 2cj'^Va - 2uj.^ + Acu.auj'^) Ab- (50) 

The action can be simplified by introducing the derivative {Da)^ = (Va)b + ^(^a)_b^5 
where the connection Aa is chosen to be 

(Aa)^ = -% {uJ-^^VAB - ^;b5a) = 2^;D(S/)i' (51) 
The gauge fixed operator can now be written in the form of a Laplace-type operator, i.e., 

A/ = -PV + ^/, (52) 

where 

X/ = i?/ - 2cu./ + uj.AOo''^ - uj.coo''^6^. (53) 

Boundary conditions can be found from the requirement of invariance under BRST trans- 
formations [l6|. This ensures that the path integral is gauge independent. The two admis- 
sible sets of boundary conditions are known as absolute and relative. Absolute boundary 
conditions have 

An = 0, {Dn5^ + K/) Aj = 0, Vivc = Vivc = on dM (54) 
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while relative boundary conditions are obtained by setting the gauge fixing term F = on 
the boundary, this leads to 

^^ = 0, {Dn + K + 2uj,n)An = 0, c = c = on dM. (55) 

Although we have not written the boundary terms in the action explicitly, both these sets 
of boundary conditions cause the boundary terms generated by the integration by parts 
to vanish. The choice of boundary condition is determined by the Z2 symmetry in the 
"upstairs" picture, which requires the tangential components Aj to be odd under the Z2 
symmetry, and the An to be even. In the "downstairs" picture, the boundary conditions 
can be derived from the boundary conditions on the eleven dimensional three form 
This fixes the boundary conditions to be relative - i.e., the boundary conditions are given 
by Eq. (fHK|l . 

We now perform a conformal transformation and calculate the eigenvalues of the con- 
formally transformed operator. We transform the operator and the boundary conditions 
according to |T9|l and (j23|l respectively. The reason for our choice of gauge fixing terr n (E9|l 
should now become clear. After a conformal transformation, the connection Aa = 0. [22| 

The one loop effective action can now be found from the eigenvalues of the conformally 
transformed operator Aq^™'^. For the components of the gauge field tangential to the bound- 
ary, we find the solutions 

Ai = v^e^'=-^'*(C,J2/5(m„z) + DiY^/.im^z)), (56) 

The tangential components obey Dirichlet boundary conditions, so the implicit equation for 
the eigenvalues fin is 

Fil^n) = ■J2/5{l^nr)Y2/5{fln) " ^2/5 >2/5 (/WnT") = 0. (57) 

The bulk solutions for the component of the gauge field in the orbifold direction are 

Ai, = V^e''-^'{CJs/,{mnz) + DYy.irrinz)). (58) 

The appropriate boundary conditions are Robin and therefore leads to an implicit equation 
for the eigenvalues involving both Bessel functions and their derivatives. However, the 
particular combination in this case again reduces to (jHTj) . 

The eigenvalues for the conformally transformed gauge field operator are the same as for 
the scalar field case considered in Section llV Al Hence, the effective action of the conformally 
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transformed operator is the same as in ()41|) . except here we have an additional degeneracy 
factor of 5 for the five degrees of freedom of the gauge field. 
The operator for ghost fields c and c, 

() F 

is not yet in the canonical form of However, we can introduce a connection into the 

derivative to get the operator into the appropriate form. We set = —iuj-a, so that 

6F 



The eigenf unctions of the conformally rescaled operator are 



C[Z) = z 



e''^'^\AJ2„{mnz) + BY2„{mnz)). (61) 



The ghost fields obey Dirichlet boundary conditions, hence the implicit equation for /i„ is 
again 

F(//„) = J2/5ilJ'nr)Y2/5{fXn) " -^2/5 (Ain)>2/5 (/^n^) = 0. (62) 

The (^-function for the ghost operator follows from the scalar case in Section IIV A| save for 
an additional degeneracy factor of 2. We can see immediately that the ghosts will cancel 
the contribution from two components of the gauge field, leaving us with 3 physical degrees 
of freedom as we would expect. 

The calculation of the cocycle function turns out to be relatively simple in this gauge. 
More detail can be found in Appendix El We find the cocycle function to be (including the 
ghost fields) 



8343 /ln(c2i) ln{cz2)\ _ 193669 / I 1 



(47r)2 y " [40000 \ zf ^ z^ ) 9600000 \zf^zl 
The total effective action for the gauge fields M/s^^s^ = + Cs^'^s^ is 



(63) 



(47r)" ' 



^2/5 , -B2/5 , G2/5{t) 



^2 

193669 



4 4 4 

^1 ^2 ^2 



(64) 



8343 / In^^RZi) ln(/ij;Z2) ' 
200000 V -2^ 4 J 28800000 

We have checked the gauge independence of this result by calculating various quantities 
in different gauges. Firstly, we can evaluate ({0) via the 05/2(1, A) heat kernel coefficient 
using the Lorentz gauge F = V ■ A. We have also performed the calculation of the flat 
space effective action in an axial-type gauge with gauge fixing term F = u.^A.^. In all three 
gauges we find exact agreement between the various quantities. 
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C. The fermion field 

The vector multiplet contains ny pairs of symplectic real fermions A^. The symplectic 
index a = 1, 2 is raised and lowered using an antisymmetric metric eab- The fermion action 
in the vector multiplet is 



•S'fermion = j djl ^- A" ^7° V« ^ - -M^^/A" Afo 



(65) 



The mass matrix Mj'J^ depends on the background dilaton field. We use the fermion mass 

n ri 

term for gauged supergravity models (We believe that the mass term quoted in |^ is 
incorrect). Explicitly, in this background, 



M\,y = -a^e-^'ia.r.g^y (66) 



where (cts)"^ = diag(l, —1) is the Pauli matrix. Again, the operator is diagonal in indices 
so we leave them out from now on for simplicity. Boundary conditions on the fermions are 

^iiA'* = (as)^'' on dM (67) 

We define a column spinor 
and matrices 

r.n''^ " |. (69) 

-7/1 



We can now write the action as 

'S'fermion 



f dfx A {T^V A - m) A, (70) 
Jm 



where m = —a^e * and we have defined A = A^T^. Introducing the projection operators 

p± = i(i±n, (71) 

the boundary conditions on the fermions (j67j) can be written 

P-X = on dM. (72) 

The Dirac equation V =yj—m is a first order differential equation and hence not of Laplace 
type ()16|). However, we can form a second order differential operator from the square of the 
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Dirac operator. We make two copies of the spin bundle with opposite orientations, and 
S~ . The Dirac operator maps spinors in 5*"^, denoted A, to image spinors in S~ , denoted 
A'. The adjoint operator is V* = —](/ — m. The eigenvalue equation is then 

VA = r]A', V*A' = r]A, (73) 

with the boundary conditions 

P_A = 0, P+A' = on dM. (74) 

Provided r/ 7^ 0, we can form a second order operator with eigenvalue r/^. One choice of 
second order operator is 

A = V*V = -V^ + + (75) 

where we have allowed for the possibility that m is non-constant across the orbifold. The 
operator A maps spinors in to S^. The boundary conditions on the fermions are 

P_A = 0, P+VA = 0, on dM. (76) 
There is also an alternative squared operator 

A* = VV* = -V^ + ^R + m'^-^m (77) 
which maps spinors in 5*" to 5*". The boundary conditions are 

P+A = 0, P_I?*A = 0, on dM. (78) 

The spectrum of (|75p and (|77p are identical if there are no zero modes. 

The massless Dirac operator transforms covariantly under the conformal transformation 

f = Q-^ (79) 

The presence of a mass breaks the conformal invariance. We can, however, introduce a mass 
that scales under the conformal transformation, such that m = Q~^m. Then both V and 
V* transform covariantly under conformal transformations. The boundary conditions (|76p 
and (j78|) are invariant under conformal transformations. The squared Dirac operator does 
not transform covariantly. However, in appendix B it is shown that the effective action for 
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fermions can be written in terms of the effective action in the conformally related space 
using 

W = Wo- da^ (a5/2(^, A) + a./^iu, A*)) (80) 

As we have mentioned, if there are no zero modes, then the spectrum of A and A* are 
equivalent and a5/2{uj,A) = a^/2{uj, A*). 

We are therefore lead to consider the eigenvalues of the operator Aq = T>qVq in flat space. 
In this case, the bulk solutions are again related to the Bessel functions. Defining integration 
constants A^^'^ and B^^'^ such that T^'^A^^'^ = ±yl(=^) and T^'^B^^^ = ±5^=^), we can write the 
solution as 

Kiz) = {A^~U2/5imnz) + B^-%,{m^z) + A^+^ J^/,{m^z) + B^+^Y^/^im^z)) . (81) 
The boundary conditions (ffH|) in the conformally transformed space can be written as 

P_A = 0, (9^ - mo) P+A = 0, on dM. (82) 
This gives us the implicit equation for the eigenvalues 

F{fln) = J2/5{lJ'nT')Y2/5{fXn) " -^2/5 (Ain)>2/5 (/^n^") = 0. (83) 

The fermion (^-function is 



C(s) = 4ny/i-'^ / d 



2s I r(s - 2) 



X- 



(84) 



(47r)2r(s) 

Here, the degeneracy factor of 4 is equal to the number of degrees of freedom of the fermion 
field. The sum over eigenvalues can be evaluated using results from Appendix El to give 



W, 



fermion 




-nv 



(4vr) 



d^x 



A 



2/5 



+ 



B. 



2/5 



+ 



G'2/5(r) 



+ 



2781 /ln(/iR£i) , ln(/iRZ2) \ 
^0000 V 4 z\ J 



^5) 

The cocycle function for this operator can be calculated using results from Appendix El 
to be 



C 



fermion 



[n] 



nv 
^(4^ 



d^x 



2781 /In(czi) ln(cz2) 



400000 



8129 



z^ J 3200000 V^i 



■ (86) 



The effective action for the fermion in the vector multiplet is then 
4 



W 



fermion 



-nv 



{Any 



d X 



^2/5 -^2/5 G2/5i'r) 

/I ~l~ /I ~l~ A 



z 



Zo 



8343 f HfiRZi) \n{fiRZ2) \ _ 18129 n 
200000 \ zf zl J 3200000 4, 



87) 
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D. Total effective action 

The effective actions for all the fields in the vector multiplets contain the function G'j,(r). 
We can approximate this function for small brane separation r — 1 using the asymptotic 
expansion of the Bessel function as 

.-G.(r) ^ (88) 

» [Zi - Z2) 

Hence, the effective actions of the individual fields diverge as the brane separation goes to 
zero. 

We can see from the results in Section FlV Al HVBl and HV CI that the contributions to the 
effective action from the fiat space effective potential Wq will cancel between the bosonic 
and fermionic sectors of the multiplet. The logarithmic terms in the cocycle functions also 
cancel. There is, however, a piece left over from the cocycle function, taking the form 

^.total _ p^scalar ^ y^gauge ^ p^fermion _ J}V f ^4^ _89_ / 1 1 \ .gg^ 

(47r)2 J 30000 \zf zl J ^ ' 

Although the individual bosonic and fermionic contributions to the effective potential diverge 
when the separation of the two branes is reduced to zero, the finite residual term in the total 
effective action remains finite. From (jTTj) . it can be seen that the residual term in the effective 
action is of order in the brane charge expansion. 

In the low energy effective four dimensional theory the moduli zi and Z2 contribute to the 
dilaton S and axion T moduli fields and we would not expect to find an explicit superpo- 
tential unless the supersymmetry was broken. One way in which the apparent contradiction 
with our result may be resolved would be through higher derivative terms in the Hofava- 
Witten model. Curvature terms related to string corrections have been discussed in jl^. As 
an example, consider 

IQttk"^ V 47r 



2/3 ~ 

•5«^ = 77^(^1 / Vad^'x h{R)l2{R), (90) 

dM 



where /3(-R) is the cubic combination of curvature terms which appear in the six dimensional 
Gauss-Bonnet identity and l2{R) is any quadratic combination of curvature tensors. When 
reduced to five dimensions, the action would contain a term 

Sr^ = x I Vad'xhiR) (91) 

JdM 
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where x is the Euler number of the Calabi-Yau manifold used in the reduction to five 
dimensions. Since x = 2(/;,^'^ — /i^'^), this term has the correct dependence on n^, zi and Z2 
to be able to cancel the one loop term from the vector multiplets. 



V. CONCLUSIONS 



We have calculated the one-loop effective action for the vector multiplets related to the 
moduli of the Calabi-Yau compactification of heterotic M-theory. We find that effective 
action of the individual fields induces a potential for the moduli which diverges as the brane 
separation is reduced. These terms cancel between the fermions and bosons in the vector 
multiplet. However, boundary terms do not cancel exactly. We propose that these boundary 
terms could be cancelled by higher derivative terms in the M-theory action. If this is the 
case, then this term should be taken into account in future work on the one-loop effective 
action in heterotic M-theory. For, example, it would be interesting to consider the effect of 
supersymmetry breaking by gaugino condensation 00 on t.e;uan.u.effee.ve action. 
Since supersymmetry is broken by the topology of the orbifold direction, one would expect 
that the casimir effect would be non-zero and give an extra contribution to the classical 
moduli potential induced by the gaugino condensate. 
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APPENDIX A: EVALUATION OF THE C-FUNCTION 



The ^-function is 



d X 



(2^ 



Performing the momentum integrals gives us 

Tis-2) 



C(s) = fxj^ / c/^x 



(Al) 



(A2) 



(47r)2r(s) 

The summation of the masses is complicated since we only know the masses as implicit 
solutions of an equation = 0. However, we can follow [2^|23|, |2J] and use the residue 
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theorem to write the sum as a contour integral, that is 

C(2.-4) = 5^/.r^= [ dzz'-'^^Jn\F{z)\. (A3) 

Here the contour C is any contour which encloses the positive zeros of F{z). For the implicit 
eigenvalue equation (jHHj) . we must restrict s to lie in the range 5/2 < s < 3. We chose to 
work with the contour shown in Figure 1X1 For s > |, the contribution to the integral from 
the large semi circle vanish, and we are left with the contribution along the imaginary axis 
and the small semi circle. This results in 




FIG. 1: Contour used for the contour integral in HA3|) 

^(2s-4) = ^^^^ r dxx'-^'^\n\P{x)\+ [ —z'-^^^\n\F{z)l (A4) 
TT dx Jc^ 2Tci dz 

where we have defined P{x) = F{ix). Explicitly, we take (up to an irrelevant multiplicative 
constant), 

P{x) = I^{tx)K^{x) - h{x)K^{Tx). (A5) 

We also define 

Pa{x) = h{x)K,{Tx). (A6) 
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We can now write 



oo . 

dx 



oo 7 

4-2S a 



dx X 



dx 



P(x) 



Paix) 



oo 7 
4-2s " 



dx x^'-'^'^lnlPaixM. (A7) 
dx 



The first term on the RHS of ()A7|) is now analytic at s = 0. The only obstruction to 
analytically continuing to s = is the second term. We can write 



Ux) = ^Ei{x), K{x) = J^e--J:^{x). 
\/27rx V 2x 



(A8) 



Using the asymptotic expansion of Bessel functions, we can define constants /3„ by 

oo 

ln|E^| =^/?„x-". (A9) 

n=l 

Explicit expressions for the (3n can be found in Q]. We also have that 



(AlO) 



We define regularised functions by subtracting off the terms which cause the integrand to 
diverge at large x, 

3 

(Alia) 



d 



UAx) = — ln|S^(x)| + Vn/5„a;-"-i + 4/34X-^e-^/^ 
dx ' ' 

n=0 

d ^ 
Uk{x) = — ln|sf(a;)| +^(-l)"n/3„x-"~^ + 4/54X~^e-'=/". 



dx 



(Allb) 



n=0 



We can now write the second term on the RHS of ()A7|) using lAllI IA9I and lAlOl The 
integrals of the terms which we have subtracted off can be performed for s > 1. We can now 
analytically continue to s < | and take the limit e = 0. This gives 
4sin7rs 



C(23-4) 



TT 



{g,{s) + K{s) + a,{sy-' + AA;-2T(2s)(1 + r^^"^)} , (A12) 



where we have defined the functions 



1 f°° _ d 

dx x^"^*— In 
dx 



Fix) 



Pa{x) 



and 



K{s) 



-- / dx x^-^'Ui{x) 
4 Jo 



dx x'^ '^^Uk{x 



(A13) 

(A14) 
(A15) 
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At s = 0, we have, after a redefinition of the renormahzation constant /i/j, 

c(o) = (^r' + ^r') (A16) 



C'(0) = -^(% + ^ + ^)-^(i^ + i^), (A17) 

87r2 V 4 4 J 87r2 \ zl J 

where = K{0), = a^{0), and = gu{0). 

APPENDIX B: COCYCLE FUNCTIONS FOR SPIN 0,1/2 AND 1 

We begin by reviewing the relationship between the cocycle functions and the heat kernel 
coefficients. Suppose that A(cr) is a one parameter family of operators 

A(a) = e-2"^Ao (Bl) 

Consider the derivative of the generalised ( function 

d^C{s) = -2stT{A-'uj). (B2) 

We denote this trace by ({s,uj]. The derivative of the effective action 

d^W = C{0,u;] = a,/2{cu,A) (B3) 

where 05/2(1-1;, A) is a heat kernel coefficient. Integrating this with respect to a gives equation 
(ESI). 

In the case of fermions, we have an operator A = V*V where 

V = V{a) = e-^'"^Voe^'"^ (B4) 

This time 

d^A{a) = -ujV*V -V*ujV -2[uj,A] (B5) 
Using the cyclic property of the trace, this results in 

d^({s) = -s tT{A~'uj) - s tT{VA-^-'V*uj) (B6) 



Note that DA"©* = A*"+^, and using the definition of A from [2^ page 78] we now find 

d^W = {a,/2{uj, A) + a,/2{uj, A*)) . (B7) 
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Following the steps above now gives equation (jHO)). 

The 05/2 heat kernel coefficient is known for general Laplace type operators of the form 

A = + X (B8) 

where D = V + iA Q|. Its explicit form for a particular operator on a particular background 
is quite lengthy. In this appendix we show some more detail in the calculation of the cocycle 
function for spin 0,1/2 and 1 fields in five dimensions for the case of a space which is 
conformal to fiat space with a fiat boundary, which will result in expression which are much 
more manageable that the full general coefficient. 

The field is split up into components obeying Dirichlet boundary conditions and compo- 
nents obeying Robin type boundary conditions by projection operators, such that 

P_0 = O, (Djv-5)P+0 = O on dM, (B9) 

where the projection operators obey P^^ + P_ = 1, P±P± = P± and P±P^ = 0. The com- 
bination X = P+ — P-- The field strength of the derivative is defined as Qab = [Da,Db]- 
Tangential derivatives with respect to the Levi-Civita connection of the boundary are de- 
noted by "I" and contain the spin connection and the connection A. Since the boundary 
is intrinsicly flat, this means E\j = djE + iuj^^J^cdE + iAjE. For example, if D is the 
covariant derivative for spin 1/2 fields, then Fj^ = —Kj'^T^. 
The 05/2(7, A) heat kernel coefficient can be written as 

05/2 (/, A) = -i-(47r)-'tr / d^i {/a^^) + f.^a^^'^ + f.^Na^^'^ + f.NNNa^'^ + f.NNNNa^''^} 

(BIO) 

where in five dimensions with a four dimensional maximally symmetric boundary, the a*-"-* 
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simplify to 

aW = -SeOxX^viv + 1440cSXAr + 720x^2 - 240xXi? 

+48xR;AA + 20x-R^ — SxRabRab + ^xRabcdRabcd 
+ 120xX Rnn - 20xRRnn + ^SOS^R + 12xR;nn + 15xRnn;NN 
-270SR.N + UORnnS^ + 960SS\ii + 16xRinjnRij - HxRnnRnn 
-IOxRinjnRinjn - 2880X5^ + 14405^ + (90P+ + 450P_) X.^K 
- {^P+ + 42P_) KR,n - fP+KRNN;N - 1440X5X + 90SKRnn 
+225SKR + {-^P+ + if P-) XK^ 



+270SK^ + imS^K'^ + 216053;^ + (^P+ + |^P_) 
-180X2 + 180xXxX - 120S\iS\i + 720xS\iS\i 
-IfQjjQjj + 120xn J jQi J + ^x^iJX^iJ - ^^QMn 
+180x^iN^iN - ^5x^inX^in + 360 {fliNS\iX - ^inX^Ii) 
-^OxX\i^iN - l80x\iX\J^iJ + 90xX|/X| jf^/J + QOxX\i^iN;N 
+120xX|/f^/j|j - 300x|/X|, + 180x|/X|/X + 90xX|/X|/X 
-240x|/7X - 30x|/X|/^ - QOx\iX\jRiJ + ^Ox\iX\jRinjn 
-^X\iX\jK^ - ^05x\iS\iK + ^X\iX\iX\jX\j + fx\iX\JX\iX\J 

-TX\nX\JJ - —X\ijX\ij - ^^X\iX\iX\JJ - —X\jX\iij 
a(2) = (if P+ - 60P_) P;7v - 240P5 + 90Piviv5 - 2705|// 

- (630P+ - 450P_) X^ + 1440X5 - 720«S=^ 

+ (90P+ + 450P_) KX + (^P+ - f P_) KRmn - {^P+ + ^P-) KR 

-QmKS^ - ^K^S - (^P+ - f P_) 

+210x|/5|7 + ^X|/X|/i^+ 135xX|/^/iv 
a(3) = 60xP - 90xPiViv - 360xX + 3605^ 

+30X5 - (|§P+ + i|f P_) - 30x\iX\i 
a(4) = -1805 + (30P+ - 105P_) K 
a(^) = 45x 



The CO cycle function for a conformally flat five dimensional metric 



+ ( 



'NN 



(B12) 



has the general form 




(B13) 
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where 

A = CiUj"" + C2UJ"'J + C3CU"2 + C^J'J^ + C5CU'^ (B14) 

S = diu"" + ci2cu"'cj' + d^J''^ + d4cu"cj'2 + dgcu'l (B15) 

We have used a prime (') to represent derivatives with respect to the conformal coordinate 
z. In the following section we will calculate the coefficients Cn and dn for scalar, vector 
and fermion fields in five dimensional conformally flat metrics with maximally symmetric 
boundaries. 



1. Scalar fields 



We restrict attention to operators with X = ^R. The scalar field in the vector multiplet 
considered in Section Fl V Al has this form with ^ = 2/7. 



a. Dirichlet boundary conditions 

For Dirichlet boundary conditions, the field vanishes on the boundary, 

= on dM. (B16) 

The projection operators are therefore simply 

P_ = l, P+ = 0, x = P+-P- = -l- (BIT) 

Tangential derivatives of the projection operators are zero as is the field strength of the 
connection, 

X|/ = 0, X|/J = 0, X\iJK = 0, nAB = 0. (B18) 
The cocycle function for scalar fields with Dirichlet boundary conditions in this geometry 



was calculated in 



ll| for the special case of when u = —(3 \nz. We find complete agreement 



with their results. The coefficients q and di are listed in Table IB 



h. Robin boundary conditions 



Robin boundary conditions have some combination of the field and its derivative equal 
to zero on the boundary, 

{DN-S)(j) = on dM. (B19) 
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The projection operators are therefore 

P_ = P+ = 1 x = P+- P~ = ^- (B20) 

Again, tangential derivatives of the projection operators are zero, as is the commutator of 
two derivatives 

We restrict our attention to boundary conditions with S = —rjK, where K is the trace of 
the extrinsic curvature of the boundary. The scalar field in the vector multiplet we consider 
in Section liV Al ls of this form with rj = 1/2. We present the coefficients Cj and di in Table HI 

2. Vector Fields 

The gauge fixed operator in the gauge F = V ■ A + 2u-a-A.'^ is of Laplace type with 

(A^)i^ = 2^;z.(S/)i^, (B21) 

and 

X/ = R/ - 2uj./ + uj.AUJ'^ - oj,c^'^5^. (B22) 
We define the projection operators 

P_ = 5i- N^Nb, P+ = N^Nb. x = P+- P-=5i- 2N^Nb (B23) 

and 

S = {-K - 2uj.n) P+ (B24) 
Tangential derivatives of the projection operators in this gauge are again zero 

XI/ = 0, X|/J = 0, X\iJK = 0, (B25) 

as is the commutator of two covariant derivatives. 

Qab = 0. (B26) 

We can therefore consider the vector field as a collection of scalar fields, with the four tan- 
gential components having X = {uj" — 20;'^) e^"^ and obeying Dirichlet boundary conditions. 
The normal component has X = {2uj" — 2^'"^) e^'^ and obeys Robin boundary conditions 
with S = —K — 2uj-N. 
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The ghost field operator is given by the variation of the gauge fixing term with respect 
to the gauge parameter. This gives us X = {uj" — 2a;'^) e^"^. BRST invariance requires the 
ghost fields to obey Dirichlet boundary conditions. The ghost fields therefore cancel the 
contribution to the effective action from two of the tangential components of the vector 
field. 

The coefficients Cj and di for the gauge field are shown in Table IH Here, the effect of the 
ghost field has already been included. 



3. Fermion fields 

The squared Dirac operators A = T>*T> and A* = T>T>* are of Laplace type with 

X = ^R + m^± ^m, (B27) 

with the upper (lower) sign for A (A*). From now on, we consider the operator A only, as 
the results for A* are identical. 

We consider fermion mass terms of the form m = huj'e^ . The mass term for the fermion 
in the vector multiplet considered in Section II V CI is of this form with h = 1/2. The fermions 
obey boundary conditions Ti^ip = 0, where 

n± = i(i±rii). (B28) 

To write this in a covariant form, we should write the projection operators II-i- in terms of 
r^. However, since the outward unit normal is of opposite sign on the two boundaries, we 
must define the projection operators 

P± = < 2^ ' (B29) 

i(l±r^) on 9A^(2) 

The boundary condition P^Vip = can be written as (Vat — S)P^ip = 0, where 

S = {--K-m)P+ on dM^^\ S = {--K + m)P+ on dM^'^\ (B30) 

Tangential derivatives of the projection operators are non-zero, for example, on dA4^'^\ 

1 , , 

X\i = ^r/ir, x\iJ = -^XVu, X\iJK = --^Vu'^K- (B31) 
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The commutator of two covariant derivatives is also non-zero, 

Qab = ^Rab ^cd ^cd = — o [^c*' ■'^^]- (B32) 

o 

After inserting these into the general form for the heat kernel coefficient, we find the results 
for the Cj and di listed in Table lU 
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Field 


Cl 


C2 


C3 


C4 


C5 


Dirichlet Scalar 


2880| 


-8640^ 


-8640^ 

-46080(2 


138240|2 


-103680|2 


Robin Scalar 


-2880^ 


8640^ 
+46080|?? 


8640| 

+46080|2 


-138240^2 

-368640(r}2 
-138240^7/ 


103680^2 

+552960r}2^ 
+368640?7^ 


Vector 


-540 


540 





540 


-135 


Fermion 


+14406 


-288062 





-57606=^ 


28806^ 


Field 


di 


d2 


ds 


^4 


d5 


Dirichlet Scalar 


-45 


150 
+3600^ 


120 
+2880| 


135 
2 

-17280^ 


165 
8 

+3240^ 


Robin Scalar 


45 


-120 
-720fj 
-5040| 


-120 
-2880| 


75 

2 

+20160| 
+1680^ 
+46080??^ 
+5760r?2 


3 

8 

-1080| 
-120^ 

-69120?}! 

-3840r?2 

-46080?73 


Vector 


-45 


-675 


-420 


2205 
2 


1107 
8 


Fermion 





120 
+25206 


-14406 


-60 
-4806 
-28806^ 


99 
2 

-606 
-2406^ 
-14406^ 



TABLE I: Coefficients for cocycle function in five dimensions for flat boundaries. The vector field 
result includes the ghost fields, and the fermion result includes the fermion sign factor and the 

factor of 4 for the number of degrees of freedom of the fermion. The scalar mass squared is ^R, 
the Robin boundary operator (5jv + rjK) and the fermion mass m = bu'e^. The parameters 6, 
^ = ^ — A and 7? = ?7 — I vanish for conformally covariant operators. 
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